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It is generally accepted that, for a micro-channel flow, the necessity of applying slip boundary conditions occurs when
Kn>0.01. These special boundary conditions are required to resolve the transition from no-slip to partial slip at the
walls. This paper presents a comparative study between the results obtained after applying such special boundary
conditions(first-order slip formulation) and the results obtained without applying any conditions (No-Slip). The purpose
of doing so is to see whether the increase in Knudsen number corresponding to a marginal rarefied flow, necessitates the
application of special boundary conditions. Furthermore, an attempt is made in this paper to see whether a significant
change occurs in nozzle performance characteristics like thrust, exit pressure and exit velocity magnitude due to the
change in flow regime. Such comparative studies are conducted for both, conical and bell nozzles whose diameters
vary from 30um to 40000pm. The slip formulation is applied using a UDF function.

I. INTRODUCTION

A nozzle is a component that is extremely important in the
design of any propulsion system. Micro-Nozzles have a throat
diameter ranging in micrometres and may even tend to smaller
values. Although the velocities attained in micro-nozzles are
appreciable, the resulting Reynolds number at the throat of
such nozzles is a comparatively small value from Re 10! to
103 .The result of this is that viscous effects cannot be ignored
and a inviscid treatment is flawed.[5]

Low Reynolds number flow, when coupled with the possible
high Knudsen number may result in flow departing from the
continuum regime. There exists the thermo-fluidic complexity
of a supersonic flow in tandem with subsonic viscous bound-
ary layers that extend from the walls. At these low Reynolds
numbers it is possible that the viscous layer occupy a siz-
able fraction of the divergent nozzle cross-section and, con-
sequently, impact the performance of the nozzle[10]. There
is also the effect of heat transfer, which is more pronounced
due to the high surface area- volume ratio in micro-nozzles.
Furthermore, it is observed that high Knudsen numbers tend
to depart the flow regime towards rarefied and free molecular
flow. As a result the ensuing flow may have distinct regions of
applicability of the continuum treatment, and rarefied or free
molecular treatments[10]. It is important that the above dis-
cussed points be accounted for in the development of micro-
nozzles. For the same reasons an analysis of the flow in the
micro-nozzles is necessarily computational, and it gives us a
better understanding of the underlying physics. Various stud-
ies have been conducted to assess the performance of micro-
nozzles, and the computational models used in their study.
Some of the more relevant studies are mentioned here. Grm et
al.[5] have used the finite Volume moving boundary method
to obtain an estimate of wall slip velocity. The base mathe-
matical model used is the Navier- Stokes Fourier partial dif-
ferential equations for the description of compressible gases.
The propellant used is pure nitrogen gas[5]. The criterion used
by the group of researchers to mark a change in flow regime,
is the local Knudsen number. It was suggested in the paper
that a coupled solver be used wherein a Navier-Stokes model
is used for the convergent side of the nozzle and a molecu-

lar model is used for the aft part (divergent section) where
the flow departs from continuum treatment. Ranjan et al.[9]
have used an experimental setup was for a cold gas micro-
thruster. The micro-nozzle used here has dimensions in the
range of a few micro-meters. The gas used was compressed
air, at 300K. The computational results were validated by ex-
perimental results, the tests were conducted in vacuum and
sea level environment. A Planar micro-nozzle was fabricated
in the form of a chip. The paper indicates that the preferable
semi-divergent angle should be 28 degrees and the expansion
ratio must be in the range 20 —400. The expansion ratio used
however, is 15 due to design and fabrication constraints. The
results were obtained for a pressure difference (AP) of 1 —4
bar[9]. Furthermore the work done by Xie et al.[10] also pro-
vides some insight in the problem under consideration. In
this paper, 2- D micro-nozzle analysis was conducted, it was
indicated that a two dimensional reduction of planar micro-
nozzles is appropriate when the width-to-height ratio is large.
Furthermore, it was concluded that the mass flux would in-
crease by 3% in a 2-D case as compared to a 3-D case. The pa-
per also compared results from DSMC based simulations and
Navier-Stokes based simulations of the same nozzles. Fur-
thermore, it was also concluded that DSMC yielded results
that were on an average 2 — 4% higher on the whole range
of pressure difference than experimental results and Navier-
Stokes based models yielded results that were 1 — 3% lower
than the experimental results. This indicates that Navier —
Stokes based slip conditions are appropriate for getting good
estimations for wall slip velocity and work well in resolving
the behavior of marginally rarefied flow regime. Additionally
some motivation was derived from the work of W.F. Louisos
et al.[8], wherein, 2-D numerical simulations for the micro-
nozzle design of NASA/GSFC prototype microthruster were
conducted. The study was mainly aimed at illustrating the im-
pact of viscous forces on performance. For Reynolds number
Re < 1000, nozzles of different semi- divergent angles were
studied under adiabatic conditions. It was observed that a re-
duction in thrust took place as the semi-divergent angle was
increased above 30 degrees. It was also found that for a H,O;
based nozzle the optimum angle was 30 degrees. While for
N> H, based micro-nozzles, no distinct maximum thrust output



was recorded that corresponded to an optimal geometry. The
most effective half- angle in this case was <25 degrees. Fi-
nally, In the work done by Darbandi et al.[11], micro-nozzle
analysis was conducted using an unstructured DSMC solver
and the results were compared with Navier — Stokes based
first order slip conditions for rarefied flow. The gas used was
Nitrogen. The plots for Wall slip velocity and temperature
jump were plotted. It was found that the results produced by
the DSMC and Navier- Stokes based models were generally
in agreement with each other. The boundary conditions were
: P, = 1 bar, T,yay = 300K, Diproar = 30 um. In the noz-
zles presented in this paper, a comparative study is conducted
between the continuum treatment and the marginally-rarefied
treatment of micro-nozzles. This is conducted to establish the
effects of the above mentioned treatments in the characteristic
properties of the nozzles (i.e. thrust). Furthermore by varying
the characteristic length( diameter) of the micro-nozzles, the
physical dimensions at which the application of special slip
boundary conditions becomes necessary, can also be found.
It is also important to understand whether the nozzle geom-
etry affects the wall slip velocity and temperature jump, for
this purpose conical and bell nozzles of similar dimensions
are compared.

Il.  SIGNIFICANCE OF KNUDSEN NUMBER

The condition of no- slip, which translates to the notion that
the velocity of any flow near a wall is equal to the velocity of
the wall is inexact. The kinetic theory of gases predicts a fi-
nite velocity of slip at a wall. This velocity becomes important
as the characteristic length approaches the mean free path of
molecules.

The Knudsen number(Kn) is a dimensionless quantity that is
defined as the ratio of mean free path to the characteristic
length of a fluid. This number is used to mark a transition
between different regimes of flow. For instance, it is generally
accepted that Continuum regime of flow can be used for all
flow problems where the Kn < 0.001[11] and afterward spe-
cial formulations accounting for 'non-continuum’ effects must
be used.

A general expression for Knudsen number is,

Kn=7 (1

Here, A is the mean free path of the fluid molecules, and L is
the characteristic length of micro-nozzle. A simplified version
of the above equation includes terms of Mach number (M),
Reynolds number (Re), and specific heat ratio () and can be
written as,

M
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Since the Knudsen number marks a transition between differ-
ent regimes of flow, it shows up in the special formulations for
implementing slip on walls of the nozzle.

. MATHEMATICAL MODELS

The governing equations for micro-nozzle flow field are
the compressible Navier-Stokes equations which have been
solved using an implicit solver for all simulations. The gov-
erning conservation equations for mass, momentum, and en-
ergy are[5],
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The above system of equations is closed by the Ideal Gas
Equation. In these equations, p is the density, V is the ve-
locity, ¢ denotes the time, E is the specific energy, and p is the
absolute local pressure, u is the fluid viscosity, k is the ther-
mal conductivity, T is the static temperature, / is the enthalpy,
and 7 is the viscous stress tensor.

A. MATHEMATICAL MODEL FOR ACCOMMODATING
TRANSITION TO RAREFIED REGIME

The first order slip formulation has been used to impose
partial slip to the divergent wall of the micro-nozzle.[11]
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In the above equations, u, is the slip velocity of the gas. u,,
denotes the velocity of the wall where fluid slip takes place,
this velocity is only applicable in the case of a moving wall.
o, denotes the momentum accommodation coefficient, which
is unity in our case[11].7, is the temperature of the gas in
the cell thread that is adjacent to the wall,T;, is the wall tem-
perature. or denotes the thermal accommodation coefficient
whose value is also unity[11]. K7 is the Knudsen number and
Pr is the Prandtl number.



IV. DESIGN CONSIDERATIONS

A conical nozzle was selected having a expansion ratio of
4.667[11] this nozzle was used for validations, the following
equations were used for the the design of the bell nozzle. The
detailed procedure for design of bell nozzle is as follows:
First expansion ratio is fixed, then the exit-to-chamber pres-
sure ratio is calculated from the expansion ratio. A 2-D De-
sign of the nozzle is shown in Figure 1 where R; is the throat
radius, R, is the exit radius, € is the expansion ratio. L, is the
length of the nozzle’s divergent portion, ¢ is the semi- diver-
gent angle and finally, 6, and 6, are the initial and final wall
angles.

The equations employed for this are as shown[7]:

FIG. 1. Bell Nozzle Design[7]
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where § is the ratio P called the exit-chamber pressure ratio,
P, is the exit pressure and P, is the chamber pressure. Once
the exit-chamber pressure ratio is obtained, the Coefficient of
thrust Cy is calculated by the following expression.
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Where F, is the ambient Pressure. The above value of Cr was
not corrected for viscous effects. Further, knowing the thrust
to be produced, the throat area was found by the equation,

F = CyPA, (12)

The Chamber pressure was assumed to be 1 bar. From the
throat area A; the throat diameter was calculated d;. Having
a value of the chamber pressure P, and the ratio § an average
value of the exit pressure P, was calculated. The mass flow
rate can be calculated from,
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where R is the gas constant, 7, is the chamber temperature,
and gamma is the ratio of specific heats. It should be noted
that the above calculation does not account for the viscous de-
crease in the value of Cy, further it also ignores the coefficient
of discharge C; of the nozzle in the calculation of the mass
flow rate.

The Exhaust velocity (V) is given by,
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The expansion ratio of the bell nozzle was kept equal to the
conical nozzles.

A. Mesh Independence

All the simulations are carried out with structured meshes
as shown in Figure 2. Three different cases were simulated
with different number of elements to check for mesh Indepen-
dence.The velocity at outlet was compared in all the cases.
For accurate results the elements size near the throat diameter
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FIG. 2. Mesh

should be small. Table 1 shows different mesh configurations
used to establish mesh independence. No significant changes
in the results were observed, hence, for all the simulations
25000 elements was fixed.

TABLE I. Number of element VS Velocity in outlet
[[Number of element & Average Velocity(m/s)]|
21892 & 542

40705 & 542
70433 & 542

V. NUMERICAL SCHEME

An Implicit solver has been used for all the simula-
tions. Laminar model has been used throughout, because
the Reynolds number in the nozzle domain was sufficiently
small. The main reason for this is the small characteristic
length of the nozzle (in micro-meters) which was comparable
to the mean free path of the molecules of the fluid. This be-
haviour is fundamentally different from macro-nozzles, where



the Reynolds numbers are high owing to high flow velocities
and large characteristic lengths.

A. Choice of fluid and properties

The fluid that was used for all the simulations was pure Ni-
trogen. Nitrogen was chosen for the following reasons:
1. Condensation temperature of Nitrogen is very low and
hence it cannot undergo a phase change in the interior or the
exhaust of the nozzle.
2. Nitrogen is a commonly used fluid in micro-nozzles and a
lot of literature has been found on it, making validation easier
and more reliable.
Table 2 illustrates the property wise models used for nitrogen

TABLE II. Property Table
H Property & Model H

Density & Ideal gas

Specific heat(constant pressure) &Polynomial
Thermal Conductivity &Polynomial
Viscosity &3 coefficient Sutherland
Molecular weight &Constant

B. Application of Partial Slip

It is important to apply a special mathematical condition for

modelling partial slip as is generally accepted for transitional
flows. For this reason first order slip condition has been ap-
plied at the wall of the nozzle[11]. Temperature jump has also
been modelled at the walls of the nozzle. These boundary
conditions have been shown[11][10] to produce sufficiently
accurate results.
The application of the boundary conditions has been accom-
plished using a UDF (User Defined Function), the flow solver
uses Navier-Stokes equations and the commercial software
used is ANSYS fluent.

VI. VALIDATION

Validation is required to establish a working computational
model. For this reason, the results produced by previous lit-
erature have been reproduced using the developed UDF code.
Since the work done by [11] seems the most relevant to our
study, it was used for validation. The results shown compare
the temperature jump and wall velocity profile in [11] with our
UDF.

Figure 3 depicts the comparison between temperature jump
profiles. It is conspicuous that there exists a good agreement
between the two results. It can be seen that there is a drop in
temperature (thermal discontinuity), as is expected. There are
two pronounced dips in the temperature which are observed
at the nozzle throat and the nozzle exit. It is hypothesised
that this occurs due to the rapid expansion of the fluid at these
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FIG. 3. Temperature Jump Profile Validation

points. It should be noted that the nozzle design used has no
fillet at the throat to allow for gradual expansion. This trans-
lates to higher values of temperature gradients. Since thermal
jump varies in direct proportion to temperature gradients, it is
observed that a greater temperature discontinuity exists here.
The same behavior can be observed in the wall slip veloc-
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FIG. 4. Wall Velocity Profile Validation

ity profile, as shown in Figure 4, two pronounced peaks in
the slip velocity are observed, first, at the throat and the lat-
ter at the nozzle exit. The reason for such an occurrence is
that there exist large velocity gradients at these points (due to
rapid velocity increase owing to expansion). A higher peak is
observed at the exit of the nozzle, because the gas exits into
free space here.

Thus the results obtained were found to agree well with pre-
vious work and preserve the physicality of the expected phe-
nomena.

VII. RESULTS AND DISCUSSION

This section enumerates the results and provides a brief ex-
planation of the trends seen. A number of nozzles have been
simulated, each nozzle having a different throat diameter by



Keeping the expansion ratio fixed. Wall slip velocity and ther-
mal jump profiles have been plotted and compared. This can
be used to study the general pattern of the slip characteristics
with a decreasing throat diameter.

A. Wall Slip Velocity : Profile and Discussion

1. Conical Nozzles
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FIG. 5. Wall Velocity Profiles for varying throat diameters
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FIG. 6. Wall Velocity Profiles for varying throat diameters

Figure 5-6 show the wall slip velocity profile for nozzles
with throat diameter varying from 3000um to 30um. It can
be seen that, for the smallest throat diameter, the wall slip
velocity recorded was maximum, as the throat diameter is in-
creased, the wall slip velocity decreases. This trend is ex-
pected, because as the nozzle dimensions are decreased, the
Knudsen numbers reached in the nozzle increase, marking a
stronger departure from continuum regime. Figure 7 depicts
an overall trend that relates the characteristic length and the
slip velocity reached in the nozzle. It can be seen that the
slip velocity is higher for smaller diameter nozzles than for
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FIG. 7. Wall Velocity Profiles for varying throat diameters

larger diameter nozzles. Simulations were carried for nozzles
of higher throat diameters, up to Dyjpq; = 40000um. It was
observed that the slip velocity decreased and almost became
negligible for D;j0; = 40000m at which point the simula-
tions were stopped, as this may indicate a complete transition
from the marginally rarefied (transition) to continuum regime.

2. Bell Nozzle

An Identical study to the one shown above was carried out
for Bell nozzles. The results obtained are shown as follows.
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FIG. 8. Wall Velocity Profiles for varying throat diameters

Figure 8-9 depict the wall slip velocity for bell nozzles with
diameters ranging from 30um to 3000tm.

On an average, it was seen that the peak slip-velocity reached
at the nozzle throat was higher in case of conical nozzles than
bell nozzles. This is because the bell nozzle used in this study
allows for a gradual expansion of the fluid, in turn decreas-
ing the magnitude of temperature and velocity gradients. The
peak slip velocity reached at the exit depends on the exit pres-
sure and the design of the nozzle (An under-expanded nozzle
is expected to produce a higher peak slip velocity due to rapid
expansion at the exit). The peak wall slip velocity at the exit
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2. Bell Nozzle
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FIG. 10. Wall Velocity Profiles for varying throat diameters

may not always be controlled, because, for nozzles operating
in a vacuum, the design cannot be made to allow for optimal
expansion under all conditions.

Finally, Figure 10 reinforces the fact that a larger diameter
implies a smaller Slip velocity and vice versa.

B. Temperature jump: Temperature Discontinuity

1. Conical Nozzle

Temperature jump profiles for nozzles with different throat
diameters was plotted. Figure 11 depicts the temperature jump
profile for different nozzles. It is apparent that the temperature
discontinuity at the wall ceases to exist at larger throat diame-
ters. The nozzle with 40000um throat diameter shows almost
no temperature jump along the wall. Furthermore, the tem-
perature jump profile even at 40um is of a small magnitude
(order of a few Kelvins).
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FIG. 12. Temperature jump profiles for varying throat diameters

Figure 12 illustrates the temperature jump phenomenon as
observed in bell nozzles. It was seen that the temperature dis-
continuity was maximum at the nozzle throat and at nozzle
exit( seen as two prominent dips in the plot). This is due to
the rapid expansion of the fluid at these two locations that fa-
cilitates rapid cooling. It was observed that the temperature
jump, on an average was similar in both conical and bell noz-
zles.

VIll. COMPARISON BETWEEN SLIP AND NO-SLIP

A. Conical Nozzles

In this section the characteristics of the nozzles(conical and
bell) are assessed under slip and no-slip treatments and the
differences if any are highlighted. The properties used for
comparison are, thrust, exit pressure,exit velocity, mass flow
rate.



1. Thrust : Percentage Difference
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FIG. 13. Conical Nozzle : Thrust percentage difference

It can be seen from Figure 13 that the difference between
the thrust values obtained by applying the slip and the no-slip
treatments is very small. The maximum percentage difference
is obtained for the Dyjoq; = 30um. This is an expected re-
sult because the Knudsen number in the interior of this nozzle
is tending to the marginally rarefied regime. Furthermore, It
should be kept in mind that as one begins to consider nozzles
of Diproar < 30um, the difference increases and the applica-

tion of slip formulations become necessary.

2. Mass Flow Rate : Percentage Difference
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FIG. 14. Conical Nozzle : Mass flow rate percentage difference

A similar trend is seen in Figure 14 for mass flow rate. The
difference in mass flow rate as obtained for these nozzles is
negligible and the maximum values the percentage difference
of mass flow rate is ~ 1.1%.

3. Velocity Magnitude : Percentage Difference

Furthermore, the percentage difference in the exhaust ve-
locity from the nozzle is plotted for the complete range of
conical nozzle diameters and a similar trend is visible. This is
illustrated in Figure 15

4. Exit Pressure : Percentage Difference

Finally, Figure 16 shows the percentage difference of Exit
pressure(P,) values under the slip and no-slip treatments. Re-
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FIG. 15. Conical Nozzle : Exhaust Velocity percentage difference

[
o 10 T T T T T
5 |—Percentage Difference (Exit Pressure)‘
3 8 -
=
| of
g
g
g 2f
S
5 ; . . :
~
0 500 1000 1500 2000 2500 3000

Throat Diameter (um)

FIG. 16. Conical Nozzle : Exit pressure percentage difference

sults obtained suggest that the percentage pressure difference
between slip and no-slip treatments for nozzle of Djjp0 €
{30,3000} is small, with a maximum value of ~~ 9.4%. The
maximum value was obtained for Dyj0qr = 30um, which
again reaffirms the results obtained in thrust and mass flow
rate percentage differences, that the application of slip formu-
lations only makes sense for conical nozzles having D;ppq <
30um.

B. Bell Nozzle

A similar comparison between the thrust, exit pressure, exit
velocity, and mass flow rate under the slip and no-slip treat-
ments was carried out. The results are as shown:

1. Thrust : Percentage Difference
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FIG. 17. Bell Nozzle : Thrust percentage difference

Figure 17 shows the percentage difference of thrust ob-
tained for nozzles of different D,,,,, values. It was observed



that for all the simulations, irrespective of the Dy, values,
the percentage difference between the slip and no-slip treat-
ment was < 0.5%. This indicates that, for bell nozzles, no-
slip formulations can be used even for smaller Dy, values.
This may be attributed to the fact, that in bell nozzles the ex-
pansion of the exhaust is not as rapid as in conical nozzles, this
results in lower values of velocity gradients and hence smaller
values of wall slip velocities and temperature discontinuity.

2. Mass Flow Rate : Percentage Difference
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FIG. 18. Bell Nozzle : Mass flow rate percentage difference

Next, the percentage difference in the mass flow rate from
the conical nozzles was compared under the effects of the slip
and no-slip formulations. It can be seen in Figure 18. A sim-
ilar trend was observed and the percentage difference across
all the Dyj,;0q values was < 0.2%.

3. Exit Pressure : Percentage Difference
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FIG. 19. Bell Nozzle : Exit Pressure percentage difference

Furthermore, from Figure 19, the percentage difference in
the exit pressure was observed and, it was seen that no sig-
nificant change across the all the Dy, values occurred. The
maximum percentage difference observed was < 3%.

4. Exhaust Velocity : Percentage Difference

Finally the same analysis was done for the exhaust veloc-
ity (in Figure 20). It was seen that, there was no signifi-
cant change in average exhaust velocity between the slip and
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FIG. 20. Bell Nozzle : Exhaust velocity percentage difference

no- slip treatments. The maximum percentage difference was
< 0.5%.

IX. CONTOUR PLOTS

In this section, contour plots for velocity, static temperature,
Reynolds number and Knudsen number are shown for conical
and bell nozzles with Dy, = 50um. The difference between
the properties as calculated by slip and no-slip formulations is
very small and is not discernible from the contour plots. Fig-
ure 21-26 illustrate the flow contours for the aforementioned
properties, it is evident that these contours cannot be used to
distinguish between the slip and no-slip treatments. However,
they shed some light on the general flow behavior in micro-
nozzles. It can be seen that the viscous sub-layer extends well
into the nozzles and occupies a sizable fraction of their vol-

ume.
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FIG. 23. Conical Nozzle : No-Slip Static Temperature
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FIG. 24. Conical Nozzle : Slip Static Temperature
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FIG. 25. Conical Nozzle : No-Slip Velocity Magnitude

FIG. 26. Conical Nozzle : Slip Velocity Magnitude

A. Maximum Knudsen Number

The Knudsen Number contours for these nozzles are shown
in Figure 27-28 , it can be seen that the Knudsen number indi-
cates a necessity for the application of slip models at the walls.
However, application of slip models does not depict much dif-
ference in nozzle performance characteristics (like thrust, exit
pressure etc).
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FIG. 27. Conical Nozzle : Knudsen Number
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FIG. 28. Bell Nozzle : Knudsen Number

X. CONCLUSION

In this paper, the application of slip boundary condition
to micro-nozzle walls is explored in detail, the results of the
wall slip velocity and temperature jump for nozzles of D;jypqr
ranging from 30um to 40000um are plotted and critically
analysed. Furthermore, the difference between the slip treat-
ment and the no-slip treatment for the nozzles is carried out.
The difference in the properties of the nozzles is studied un-
der these treatments and the results have been analysed. It
is hypothesized that the magnitude of wall slip and tempera-
ture discontinuity increases at locations where the flow expe-
riences rapid expansion, this is an important point that should
be considered during the design of micro-nozzles. Further-
more, it was found that the wall-slip velocity and temperature
discontinuity is lower in bell nozzles than in conical nozzles.
Furthermore, it is also found that the application of special
wall boundary conditions like the first order formulation is not
necessary for the range of nozzles studied, however it is also
seen that as the physical dimensions of the nozzles decrease
further, the percentage difference of parameters like thrust,
pressure, velocity and mass-flow rate show a rapid spike. This
indicates that, special formulations are required for nozzle di-
ameters < 30um in case of conical nozzles. Furthermore,
it was found that in although, in many cases, the maximum
Knudsen number reached in the flow indicated a necessity for
the application of slip models, there was not much difference
in nozzle characteristics when evaluated through purely con-
tinuum or partial-slip models. This indicates that the choice
of the computational model is not completely based on the
Knudsen number.
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